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1 Mathematical Model Details

1.1 Ion Transport

The conservation of ion species implies the following system of partial differential equations to
describe the dynamics of ions in each region, for i = Na®™, K, Cl~ in domain Qop
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Transmembrane Ion Flux The transmembrane ion flux Jli,k (1, k = ax,ex; gl, ex; gl, pa; gl, pv; gl, pe;)

consists of an active ion pump source J'; and passive ion channel source J;7,,
i __ TP Ci, g + + -
Jl,k _Jl7k + Lk i = Na 5 K 5 Cl .

Due to the gaps between astrocytes endfeet [1], the transmembrane ion flux J}'; between perivascu-
lar spaces and ECS (I, k = pa, ex; pv, ex; pe, ex) consists of direct transportation with fluid C’;L-Lp,windUlak

. . c,t
and passive ion channel source J; 7,
,
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Jll,k = C;p,windUl’k + Jl,k’ e Na+7 K‘f" Cl™.

Because of the direct connection, the communication ion flux J/, between perivascular spaces only
depends on transportation with fluid C\, ,;,aULk,

e = c;p,wmdUl,k; i=Nat, KT, CI".
On the glial cell membranes, J&' ok 18 defined as

J;llk ggl (¢gl - ¢k gl k)’ L= Na+7 K+7 Cl_? k= €x, pa, pv, pc, (3)

where E;L i is the Nernst potentlal that describes the gradient of chemical potential in electrical units

; kgT Cj
;l,k == log( f) .k = ex,pa, pv, pc
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and the conductance g;l for the ith ion species on the glial membrane is a fixed constant, independent
of voltage and time.

On the axon’s membrane, J5 ., is definded as

ngl er — gafﬂ (¢az (be:c - E;x)v 7’ = Na+7 K+7 Cl_7 (4)

where the conductances of Na™ and K+ are modeled using the Hodgkin-Huxley model [2, 3]
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where n is the open probability of KT channel, m is the open probability of the Na™ activation gate,
and h is the open probability of the Na™ inactivation gate. «; and §; for ¢ = n,m, h are active and
inactive rates of different gate.

For the active ion pump source J;';’ e ' the only pump we consider is the Na/K active transporter. We
are more than aware that other active transport systems can and likely do move ions and fluid in this
system. They will be included as experimental information becomes available. In the case of the Na/K
pump ij};, (I, k = ax,ex; gl, pa; gl, pv; gl, pc), the strength of the pump depends on the concentration
in the intracellular and extracellular spaces [2, 4], such that
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I;1 and I; 5 are related to oy — and ay— isoform of Na/K pump.

where

Remark 1 In this study, we use a simplified representation of KT channels as a starting point, which
was used in the previous work [5], and calibrated with the experiment results [6]. We acknowledge that
this is an oversimplification, as different types of KT channels exhibit varying properties and are likely
distributed in specific locations with different densities for biological reasons. When experimental data
become available, these properties can be integrated into the model. The model is designed to be flexible,
allowing for the incorporation of detailed channel characteristics without placing an undue burden on
computational resources or programming complexity.



Ion Flux inside Compartment The definitions of ion flux in each domain are as follows, for
i=Nat, K+, Cl-,
.]7l4 = Cliul - DliTl <Vcll + ](;Z;_‘CZZVQM) ) l= gl,e;v,pa,pv,pc, (78“)
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Boundary Conditions For the axon and glial compartment boundary condition, we use the mem-
brane boundary conditions at location I'; U T's. The homogeneous Neumann boundary condition on
the I'; and a non-flux boundary condition is used on the pia mater I'; for the glial compartment.
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where Ayu(g1),1eft(right) i the ion communication rate on the left (right) boundary of the axon (glial)
compartment.

We use the Dirichlet boundary conditions for the perivascular space A & V boundary condition
at location I';. For the pvsC and the ECS boundary condition, we use the homogeneous Neumann
boundary condition at location I'y. The membrane boundary conditions at locations I'; U I'g are used
for the perivascular space A & V and the ECS. And the homogeneous Neumann boundary condition
on I'yUT is used for the pvsC. The flux across the pia mater is assumed continuous and Ohm’s law [7]
and the additional pathway for diffusion, electric drift as well as convection for ions is used at location
I'; for the perivascular space A & C & V and the ECS.
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For the cerebrospinal fluid boundary, similar conditions are imposed except on I's, which a non-
permeable boundary condition is used.

C, P= C’z;je, on I's,
VCcsf -n, =0, on I'y,
jisf -n, =0, on I's, (10)
jisf ‘N, = > ji-n, onTg.

l=pa,pv,pc,ex

1.2 Electric Potential

By multiplying equations 1 with z;e respectively, summing up, and using charge neutrality equation
and ion flux equation, we have following system for the electric potential in ax, g, ex, pa, pv, pc
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which describe the spatial distributions of electric potentials in six compartments.
In the subarachnoid space Qgas, the governing equation for cerebrospinal fluid electric potential
reduces to

> 2e (Vi) =0. (12)
The boundary conditions for electric fields ¢az, @gi; Ppas Ppv, Pper Pexs Pesf are given below.
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1.3 Fluid Circulation

In this subsection, we present the fluid circulation model. First, due to the conservation law, the
volume fraction of each compartment 7,1l = ax, gl, ex, pa, pv, pc satisfy
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where Uy i, is the fluid velocity across the membrane/interface between Iy, and k¢, compartments with
surface volume ratio M, ; and w; is the fluid velocity inside the l;;, compartment.

The transmembrane fluid flux is proportional to the intracellular/extracellular hydrostatic pres-
sure and osmotic pressure differences, i.e., Starling’s law on the membrane, while the fluid flow from
perivascular space A to perivascular space C and from perivascular space C to perivascular space V
are only proportional to the difference of hydrostatic pressure due to the direct connection.

Ul,ew = Ll,ew(pl — Pex — le,e;L'RT(Ol - Oex))v l= ax,gl,pa,pv,pc (15&)
Ugti = Lg1i(pgr — pr — Y911 RT(Og1 — Oy)), 1 = pa,pv, pc. (15b)
(15¢)

Here v, and L, j, are the reflection coefficient [8] and hydraulic permeability of the membrane between
lyn, and kg, compartments, respectively. In this paper osmotic pressure is defined by RTO; [7, 9]
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where A; > 0 is the density of the permanent negatively charged protein in glial cells and axons

that variesnizvith the volume (fraction) of the region, R is the molar gas constant, and T is temperature.

The hydrostatic pressure p; and the volume fraction n; are connected by the force balance on the
membrane [9, 10]. The membrane force is balanced by the hydrostatic pressure difference on both
sides of the semipermeable membrane. Then the variation of volume fraction from the resting state is
proportional to the variation of hydrostatic pressure difference from the resting state.

Ki(m —n°) = p1 — Pex — (0] — Dig)s (16a)

where K] is the stiffness constant and 7;° and p;© are the resting state volume fraction and hydrostatic
pressure of l;;, compartment with [ = ax, gl, pa, pv, pc.

The subarachnoid space region is modeled as a porous media filled with CSF. Therefore, the solution
is incompressible in the Qg45, and we have

V- uer =0, inQgas. (17)

In the next section, we provide submodels of fluid velocities inside each compartment and the
corresponding boundary conditions.

In this paper, we define a membrane boundary condition to describe the fluid or ion communication
in the connect interface between the optic nerve and the retina or the optic canal or orbital. We assume
this fluid or ion communication depend on the difference in pressure or ion concentration between the
two sides of this connect interface U;pe = L(Py — Pout). Where Uy, is the interface velocity, P, and
P,.; are hydrostatic pressure on both sides of the interface, respectively.

Fluid Velocity in the Glial Compartment. The glial space is a connected space, where the
intracellular fluid can flow from cell to cell through connexin proteins joining membranes of neighboring
cells. The velocity of fluid in glial syncytium uy depends on the gradients of hydrostatic pressure and
osmotic pressure [7, 9, 10, 11, 12] as
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where kg and 74 are the permeability and tortuosity of the glial compartment.

For the boundary condition, on the left and right boundaries of domain Qop, the membrane
boundary condition is used since they connect to intraocular and intracanalicular regions. On the top
and bottom boundary, the no-flux boundary condition is used

ug n, = ()7 on I'y
Uy - n, = Lgl,right (pgl - pgl,right)v on I'y
Uy - n, = ng,left(Pgl - pgl,left); on I'g
u, -, =0, on I'7

(19)

where 0, and 1, are the outward normal vector of domain §2,,.
Fluid Velocity in the Axon Compartment. Since the axons are only connected in the longi-
tudinal direction, the fluid velocity in the region of the axon is defined as

up, =0, (20a)
uzx =0, (20b)
"{am 8pam
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where kg, is the permeability of the axon compartment.
Similarly, membrane boundary conditions are used on the left and right boundaries

Ugy - ﬁz = Lam,m'ght (pam - par,m‘ght), on FQ (21)
Uge - D, = Lax,left(pam - pax,left)» on FG

Fluid Velocity in the Extracellular and Perivascular Spaces Since both the extracellular
and perivascular spaces are narrow, the velocity is determined by the gradients of hydro-static pressure
and electric potential 7, 13, 14], for | = ex, pa, pv, pc
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where ¢; is the electric potential, 7; is the tortuosity [15, 16], k! describes the effect of electroosmotic
flow [13, 14, 17], k; is the permeability.

For the boundary conditions, due to the connections to intraocular region and intracanalicular
region on the left and right boundaries, respectively, membrane boundary conditions are used for
extracellular and perivascular spaces A & V. Nonflux boundary condition is used for perivascular
space ¢ on 'y and I's. On I'y, due to the central blood vessels, Dirichlet boundary conditions on
pressure are used for perivascular space A & V. For the ECS and pVSC, the zero penetration velocity
is used. On the pia mater I'7, the CSF could directly communicate with the perivascular spaces A &
V due to the hydrostatic pressure difference. However, for ECS and pvsc, the CSF leaks into these
two compartments through membranes. Then the velocity is fixed as the transmembrane velocity
which depends on hydrostatic and osmotic pressure difference. In summary, the conditions are listed
as follows



Ppa = PPA, Ppv = PPV, Upc - Ny =0, Uey -1y =0, on I'y
Upa - B = Lpa right (Ppa — Ppa,right)s Upy - Nz = Ly right (Ppo — Ppu,right),  on '
Upe -0y = 0,Uey - 0y = Leg right (Pex — Ppo,right)s on I'y
Upg - n, = Lpa,left(ppa - ppa,left)7 Upy - n, = va,left(ppv - pIOP)a on I'g (23)
Upe - N, =0, Uy - Ny = Leg e ft(Pex — PrOP), on I'g
Wpo - By = Lpia pa(Ppa — Pesf))s Upo - By = Lipia po(Dpv — Pesy))s on I'7
Upe - Ny = Lpiape(Ppe = Pesf — Vpia BT (Ope — Ocsy)), on I'z
Uer - Dy = Lypig.ea(Pex — Pest — Vpia BT (Ocx — Ocsy)), on I'7.

where prop is the intraocular pressure (IOP), v,, is the the reflection coefficient of pia mater.
Fluid Velocity in the SAS Region. The cerebrospinal fluid velocity in the SAS region is
determined by the gradients of hydro-static pressure and electric potential

FesfTesf OPesf e Odess
ufyy = STl Tl gty Sl (24a)
o _ KesfTesf 1 apcsf sf 1 a(bcsf
Uesy = — 1 ; 90 - kgq Tcsf; 90 (24b)
19) 0
uisf == HCSJ’;TCSf I(;c;f - kgszcsf f;;sf ) (24C)

The fluid flow across the semi-permeable membrane I'y is produced by the lymphatic drainage on
the dura membrane, which depends on the difference between cerebrospinal fluid pressure and orbital
pressure (OBP). At boundary I's, we assume the hydrostatic pressure is equal to the cerebrospinal
fluid pressure. At boundary I's, a non-permeable boundary is used. On the pia membrane I'7, the
total CSF transmembrane velocity is determined by the conservation law,

Pesf = PCSF» on I';s
Ucesf - Ny = Lgr(Pesf — POBP), on I'y
Uesp - D, =0, on I's
Ucss - Oy = Lpigex(Pex — Desf — Vpia RT (Ocx — Ocsf)) (25)

+Lypia,pa (ppa - pcsf)
+LPiG>PU (ppv - pcsf)
+Lpia,pc(ppc — Pesf — VpiaRT(Opc — Ocsf))a on F7

where pogr is the cerebrospinal fluid pressure [18] in boundary I's.

2 Additional Tables and Figures



Table 1: Parameters in optic nerve model
Parameters Value Parameters Value
R, 0.6 x 10~°m (** Ref.[18, 19, 20]) W 7 x 107%Pa - s (Ref.[11])
Ry 4.8 x 10~5m (Ref.[21, 6]) e s 111mM (Ref.[18])
R. 6 x 1075m (Ref.[5, 20])  arou/es 4.5mM (Ref.[18])
L 1.5 x 10~%m (Ref.[21]) Cut 5.72mM (Ref.[5, 7])
e 1.69 x 107194 - s (Ref.[21]) chre 104.27mM (* Ref.[5, 18])
kp 1.38 x 10~ J/K (Ref.[21]) CcNare 7.33mM (Ref.[5, 7])
T 296.15K (Ref.[21]) CEre 105.17mM (Ref.[5, 7])
nre 1 x 1071 (**,Ref.[21, 5]) el 105mM (Ref.[5, 7])
nre 4 x 1071 (** Ref.[21, 5]) Koz 1.67 x 105 Pa (Ref.[22])
oy 4 x 1071 (** Ref.[21, 5]) Ky 8.33 x 10°Pa (Ref.[22])
e 2.4 x 1072 (** Ref.[21]) Kpq 7.8 x 10Pa (*)
N 6.39 x 1072 (** Ref.[21]) Ky 7.8 x 108Pa (¥)
Npe 1.21 x 1072 (** Ref.[21]) Kpe 7.8 x 106 Pa (¥)
Mg ex 5.9 x 106m~T (Ref.[23]) Logex 7.954 x 10~ %m/Pa - s (Ref.[24])
Mgiea 6.25 x 105m =1 (Ref.[23]) Lyt 0 1.34 x 107 3m/Pa - s (Ref.[7])
M pa 1.5 x 10%n =1 (** Ref.[23] Lyt pa/pe/po 1.34 x 10~ 3m/Pa - s (** Ref.[25, 26])
Mo 3.99 x 105m =1 (** Ref.[23]) Lya/pv.ex 1 x 10~ %m/Pa - s (** Ref.[25, 26])
Mt pe 7.56 x 10°m =1 (** Ref.[23]) Lyc,cx 2.54 x 10~ m/Pa - s (** Ref.[25, 26])
Mpa,ex 1.21 x 10%m =T (*¥) Laz /gl /az,left/right 8.89 x 10~ 2m/Pa - s (*,Ref.[5])
Myyex 2.32 x 10%m =T (*%) Lyaicst/right 3.32 x 107 8m/Pa - s (%)
Mope.ex 5.86 x 10%Tm =T (**) Lo e ft 1.37 x 107%m/Pa - s (¥)
VK 1 Lo right 6.64 x 10~3m/Pa - s (¥)
2C7 —1 Lyia,cx/pe/po 8.89 x 10~ ®m/Pa - s (Ref.[5, T])
20,91 —1 (Ref.[5]) Lpiapa 8.89 x 10~ m/Pa - s (*Ref.[5, 7])
~y 1 (Ref.[5, 11]) Ly Om/Pa-s (**Ref.[5, 7])
KNal‘NaZ 2.3393mM (Ref 7 ) Tgl 0.5 (Ref [5])
Kx, 1.6154mM (Ref.[7]) Tex 0.16 (Ref.[5, 11])
Ko 0.1657mM (Ref.[7]) Tpa/pv/pc/cs | 1 (**,Ref.[5])
Iyia 4.78 x 10~ TA/m? (Ref.[7]) pesF 2.1 x 103 Pa (Ref.[5, 18])
Ig2 6.5 x 107 A/m? (Ref.[T]) PoBP 0 x 103 Pa (Ref.[5, 18])
Loz 9.56 x 10714 /m? (Ref.[7]) prop 4 x 103 Pa (Ref.[5, 18])
Loz 1.3 x 10724/m? (Ref.[7]) PAR (1.5 ~ 1.485) x 10°Pa (** Ref.[5, 18])
901} pa o/ pe 2.2 x 10735/m? (Ref.[5]) PVE (0.5 ~ 0.475) x 103 Pa (**Ref.[5, 18])
AT 2.15/m? (Ref.[5]) Pasleft —12 x 103 Pa (*¥)
95 pa v/ 2.2 x 10735/m? (Ref.[5]) Paz,right —14 x 103 Pa (*%)
o 4.8 x 10735/m? (Ref.[5]) Dyl left —24 x 103Pa (*¥)
i 2.2 x 10725/m? (Ref.[5]) Dgl,right —27 x 103Pa (*¥)
gNe 13.575/m? (Ref.[5]) Pexright 0.4 x 103 Pa (*¥)
s 2.9455/m? (Ref.[5]) Ppo,right 0.4 x 103 Pa (*¥)
g&7 1.5 x 10715/m? (Ref.[5]) Ppaleft 1.4 x 103Pa (**)
GZZ"'K cl 35/m? (Ref.[5]) Dpa,right 1.6 x 103 Pa (**)
ke™/PUPUIPE 11,3729 x 1078m?2/V - s (** Ref.[5]) D e Jpa /o /e 1.39 x 1079m?2/s (** Ref.[5])
kest 0m2/V - s (**Ref.[5]) Dg/az/pa/pv/pc 2.04 x 107%m2 /s (** Ref.[5])
Ko 1.33 x 10~ 18m? (Ref.[5, 11]) e /pafpv/pe 2.12 x 107%m?2 /s (** Ref.[5])
Kex 3.99 x 10~ 1%m? (Ref.[5, 11]) DJ® 1.39 x 10~ m2/s (Ref.[5, 11])
Kpa/po 2 x 107 2m? (** Ref.[26, 25]) DE 2.04 x 107 Im? /s (Ref.[5, 11])
Kgl 9.366 x 10~ m?2(Ref.[5, 11]) DT 2.12 x 10711m?/s (Ref.[5, 11])
Kesf 1.33 x 10~ 2 (Ref [o 11}) /\az/ez/gl/pa/pv,left 20m 1 (*)
Kpe 2x 10~ "m (** Ref. [26 25]) /\az/cac/gl/pa/pvmight 20m~" (*)

Note: the "*’ estimated or induced from the concentration balance.
Note: the ** estimated or deducted proportional from reference.
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Figure 1: Schematic graph of the potassium microcirculation between
two compartments when inner part axon was stimulated. (a) Extracelluar-
pvsA; (b) Extracelluar-pvsV; (c) Extracelluar-pvsC; (d) Extracelluar-Axon; (e)
Extracellular-Glial; (f) Glial-pvsA; (g) Glial-pvsV; (h) Glial-pvsC; The dash black
line is the interface between stimulus region and unstimulus region. The solid
black line in axon compartment means the potassium flux only in z direction and
can not transition between the stimulated and non-stimulated region.
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Figure 2: Schematic of fluid flux between the stimulated (lower) and non-
stimulated (upper) regions, as well as transmembrane fluid flux between different
compartments during stimulation. Red boxes represent the stimulated regions,
and green boxes represent the non-stimulated regions. The thickest lines indicate
fluxes around 10~2 /s, moderately thick lines represent fluxes around 10~* /s, and
the thinnest lines indicate fluxes less than 107® /s. The transmembrane fluid flux

is MU.
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Figure 3: Average radial direction Nat fluxes components in the intradomain.
The Na* fluxes in (a) Glial compartment; (b) ECS; (C) pvs A; (d) pvs V; (e) pvs
C; (f) zoom in of diffusion and electric drift flux in pvs A.
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Figure 5: Cumulative potassium fluxes during the stimulus with varying levels
of glial connexin connectivity. a-e: Radial cumulative potassium fluxes within
compartments. f: Cumulative transmembrane potassium fluxes in the stimulated
region.

() Glial to pvsA (b) Glial to pvsC 05 (¢) Glial to pvsV
0.06

Z 01 Baseline = Baseline = Baseline
£ le-1 y £ le-1 ,, £04
2008} |[—p—1c2 e E ||t Z - £
P ) % 0.04 led =
5 e e ] Z03
= 0.06 7 & E
Eon = £ Eo2
g 002 ]
£ 002 Z £ Zo1
< _ < <

0 p— (e 0

0 0.05 0.1 0.15 02 0 0.05 0.1 0.15 02 0 0.05 0.1 0.15 02
Time (s) Time (s) Time (s)

o %107 (d) pvsA to space o (e) pvsC to llular space o %107 (HpvsVio space
E 2 -0.002 ER
£05 £ £
% % -0.004 £-2
2 4 & &
g Baseline E-0006 Baseline Eas Baseline
Z 15 le-1 Z le-1 Z le-1
2 —D—le2 £-0.008 | | —p—1e2 Eat|—PD—1e2
o le-4 a le-4 a le-4

2 0.01 5

0 0.05 0.1 0.15 02 0 0.05 0.1 0.15 02 0 0.05 0.1 0.15 02
Time (s) Time (s) Time (s)
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